Properties of a graph (directed or undirected) whose adjacency matrix is a circulant are studied. Examples are given showing that the connection set determined by the first row of such a matrix need not be multiplicatively related to the connection set of an isomorphic graph. Two different criteria are given under which two graphs with circulant adjacency matrices are isomorphic if and only if their connection sets are multiplicatively related. The first criterion is that the graphs have a prime number of vertices. The second criterion is that the adjacency matrices have non-repeated eigenvalues. The final section gives a partial characterization of graphs with n vertices whose automorphism group is the cyclic group C~.
l. INTRODUCTION
A number of recent papers [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] have dealt with directed or undirected graphs whose adjacency matrices are circulants. A circulant matrix is obtained by taking an arbitrary first row, and shifting it cyclically one position to the right in order to obtain successive rows. Formally, the (i,j) element of an n-by-n circulant is at_t, where subscripts are taken modulo n. 1 A _ ao al a2 ... an-11 an--1 a 0 al 9 a~_ 2 9 .
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Thus, a circulant mat rix is completely determined by specifying its first row.
If such an A is the adjacency matrix of a (directed or undirected) graph, then A is a (0, 1) matrix (symmetric in the undirected case). Such graphs are completely specified simply by stating which vertices are adjacent to a single given vertex, say v0 9 Thus such a graph can also be specified by its connection set, to be defined below.
Let G be a graph with n vertices, and let 0 < k~ < ks "'" <km < n be a given set of m integers. The set C = {k~,ks .... ,k,~) will be called the connection set of G if the adjacency matrix of G is a circulant with l's in positions kl ..... km of the first row. Then the vertices adjacent 2 to v 0 are precisely the vertices v~. withj ~ C. It is easy to check that, for any graphs GI and G~ with n vertices and respective connection sets C1 = {kl ,..., kin} and C2 = {kl',..., kin'), if there exists a number r relatively prime to n such that C~ = rC1 = {rki : ks ~ C1}, then G1 and G~ are isomorphic. It has been conjectured by/~d~im [1] that this condition is also necessary for the isomorphism of G1 and G~. We shall refer to the relation between two connection sets like CI and C2 as equivalence of connection sets. ,~d~im's conjecture then states (in our terminology) that two graphs with circulant adjacency matrices are isomorphic if and only if their connection sets are equivalent. In this paper simple counterexamples to this conjecture are presented, some theorems are proved that give conditions under which the conjecture is true, and other theorems relate the eigenvalues of these circulant matrices to questions of isomorphism of the corresponding graphs. The final section gives a partial characterization of graphs whose automorphism group is the cyclic group C~.
COUNTEREXAMPLES TO fikDAM'S CONJECTURE
The first counterexample found [4] was for a directed graph of order n = 8. Let Ca = {1, 2, 5) and C~ = {1, 5, 6). The integers (rood 8) that are relatively prime to 8 are 1, 3, 5, and 7. But, it is simple to check that C2 ~ kC1 for k = 1, 3, 5, or 7. Hence the connection sets C1 and C 2 are not equivalent. On the other hand, the graphs G1 and G2 (see Fig. 1 ) having these connection sets may be seen to be isomorphic, e.g., through the mapping which sends Vi of G1 onto v~ of G~, where where L/] denotes the greatest integer less than or equal to j.
It is, of course, understood that "adjacency" is used here in a directed sense, viz., vj is adjacent to v0 if and only if the directed edge (v0, v~) is in the edge set of G.
Examination of Figure 1 shows that the "1" chords of (a) correspond to either 1-chords or 5-chords of (b) depending on whether the initial vertex is odd or even, respectively. Likewise the 5-chords of (a) map either onto 5-chords or 1-chords of (b). The chord sets do not maintain their separate identities under the isomorphism given, as they would have to do under a multiplicative isomorphism, i --~ ki (mod n). Isomorphic star polygons with inequivalent connection sets.
Another, and perhaps more instructive, counterexample is provided by the following undirected case: Let n = 16, C1 ----{1, 2, 7, 9, 14, 15} and C~ ----{2, 3, 5, 11, 13, 14}. These directed graphs correspond to undirected graphs since in both cases j~ C, implies 16--j~C,, i = 1,2. The admissible (relatively prime to 16) multipliers are the odd residues mod 16. Only k ----3 and 5 need be considered because of the undirected nature of the graphs, and because the 1-chords of C1 must be mapped onto some odd integer of C~. However, the 2-chords of Cz would thereby be mapped onto 6 or 10, which do not occur in C2. Hence, the connection sets are inequivalent. One isomorphic mapping of the corresponding graphs is given by: i -+ i (i even), i --* i § 4 (i odd). star-polygon graphs, 8 there are two cases under which we have been able to demonstrate the validity of that conjecture. The first case is for graphs with a prime number of vertices, and the second is for adjacency matrices with non-repeated eigenvalues.
The first case is handled by the following more general theorem (the notation (3~,~.) denotes a (permutation) matrix with 3q~.j. = 1 if qi =-j (mod n) and = 0 otherwise): 
Proof.
Let A = (aj_e), B = (bj_~) be the two circulants, i, j = 0, 1 ..... n --1. Let fa(x) = Z a~ x~ and fb(x) = Z b~x ~. Then it is known that the eigenvalues of A and B, respectively, are given by
where co is any primitive n-th root of 1. By assumption, the set of ~k's is the same as the set of tiffs. In particular, o~ 1 = flq for some integer q = 0, 1,..., n --1. We may, in fact, assume that q 56 0, for, ifn --1 > 1 (as we assume), then replacement of the arbitrary primitive root ~o by any one of the other n --2 primitive roots, oJ 2, oJ 3 ..... o) '~-1 will result in a permutation of the ~, i = 1 .... , n --1, so that ~1 is replaced by an ~0 that matches an eigenvalue flq, with q' 56 0. So, without loss of generality, qs&0. Now, the equation ~1 =/3q states that
where
is a rational polynomial of degree < n. Hence, F(x) is divisible by the minimum polynomial (minimum function) of oJ over the rational numbers. This minimum polynomial is the cyclotomic polynomial of order n, which for n = prime is known to be 9~(x) = x '~-1 q-"-q-x -t-1.
s Star-polygon graph is the convenient name we have used elsewhere for graphs with Circulant adjacency matrices. Other authors have used such names as "cyclic graphs" [9] . But 9,(co~)= 0 for k = 1 ..... n-1, so that also F(co k) = 0 for k = 1 ..... n --1. That is, we have proved that ~k = Z ai c~ = Z bi ~ = flkq for k = 1,..., n --1 (with subscripts taken modulo n throughout). Now, since q is relatively prime to n, the index kq runs through the non-zero residues rood n as k runs through 1 ..... n --1. Since the complete sets of n eigenvalues are identical, and the ak are paired off with the fl~ for k ----1 ..... n --1 by the above relation, it follows that also a0 = flo. In other words, ak = flq~ for k ----0, 1 ..... n --1.
The entries a~. of the circulant matrix .4 may be computed from the eigenvalues
Putting j = qi, we have
The relation b~ = aq~ is equivalent to the matrix relation B -~ PAP s = PAP -1, where P is the permutation matrix whose i,j-th element is 8~,j. This completes the proof.
Since the matrix ~2 ----(w~0 diagonalizes any circulant it is easy to check that two circulants have the same eigenvalues if and only if they are similar. From this fact, together with Theorem 1, the following corollary follows directly. The connection sets have been chosen so that for k odd the term in brackets is zero while the other terms satisfy flk = ~zlk. Thus the sets of oddnumbered eigenvalues are equal. A simple calculation shows that fi~ = ~ for k ~-2 (mod 32), k ~ 4 (mod 32) and fl~ = ~7~ for k ~ 4 (mod 32).
To check that G~ and Gz are not isomorphic one can assume without loss of generality that an isomorphism between them would map Vo ~ v0'. Then, by testing the six cases v~ -+ v2', vn', vr', v'~s, v~2, v~, one finds that contradictions arise. The cases vl ~ v2', v6', v'ls, v'22 are very simple. The other two cases are only slightly more difficult to check. This is left to the reader. EXAMPLE 2. Another example is afforded by the case n = 16, C1={1,1,2,3,9,10,11,13}, C2={1,2,3,3,7,9,10,11}. Observe, however, that these are not directed graphs in the usual sense of the word because some arcs are "repeated." It does have the interesting additional feature that, unlike the previous example, each graph has n distinct eigenvalues.
The following comments may be of interest in connection with these examples. One should be led to suspect that directed graphs in general are not characterized up to isomorphism by the eigenvalues of their adjacency matrices simply because there are, roughly speaking, n ~ degrees of freedom in choosing the matrix, and only n eigenvalues. However, for directed graphs whose adjacency matrices are circulants, there are, again roughly speaking, only n degrees of freedom, and hence it is much more reasonable to expect such graphs to be characterized by their eigenvalues. The examples just given show that this plausibility argument is fallacious.
A second case under which the Ad~im conjecture is true is given by the following theorem and its corollary. Proof. There is no loss of generality if we label the vertices of the two graphs so that v o --* v0' under the isomorphism induced by P. Thus, A = 0, and the permutation i-*p(i) has the form p(i) = t~i (rood n). It follows directly that the connection sets C1 and C2 are related by the factor /x.
We observe that this second case under which Ad~im's conjecture holds (non-repeated eigenvalues) is strictly limited to directed graphs. For the adjacency matrix of an undirected graph is symmetric A = A ~, and it is not difficult to show (e.g., by using the explicit expression for the eigenvalues of a circulant given in the proof of Theorem 1) that n --1 of the eigenvalues then occur in complex conjugate pairs, a~_k = ~k, k = 1,..., n --1.
Since a real symmetric matrix has only real eigenvalues, it follows that [(n --1)/2] pairs of repeated eigenvalues occur. Thus, for n > 2 undirected circulant graphs necessarily have some repeated eigenvalues. (The case, n = 2, is a degenerate exception where all of the four possible (0, 1) circulants are symmetric, while just two of them have non-repeated eigenvalues.)
AUTOMORPHISMS
An automorphism of a graph is an adjacency-preserving mapping of the vertices onto themselves. The set of all automorphisms of a graph forms a group, the automorphism group of the graph. For the graphs studied here (i.e., those whose adjacency matrices are (0, 1) circulants), the mapping i---~ i + 1, and its powers, are clearly automorphisms by definition. Hence, these graphs always have the cyclic group of order n as a subgroup of their automorphism group. The following theorem and its partial converse identify a significant subset of these graphs for which the automorphism group is exactly this cyclic group. THEOREM 3. Let G be a graph having a circulant adjacency matrix, A, with non-repeated eigenvalues. Then the automorphism group of G is precisely Cn , the cyclic group of order n.
Proof. An arbitrary automorphism of G can be represented by a permutation matrix P such that P-tAP = A. By carrying through the proof of Theorem 2 for the case A = B, it follows that P has the form, p(i) = i + ~. Hence P corresponds to a cyclic permutation of the vertices of G.
Undirected graphs also possess reflection, i-+n-i, as an automorphism. Hence, in the undirected case the automorphism group always contains the dihedral group, Dn, of order 2n. The existence of these additional automorphisms is, of course, connected with the duplication of eigenvalues in the undirected case.
However, the following partial converse of Theorem 3 also holds. Proof. Suppose A were to have two equal eigenvalues, say cq -----~j, with 0 ~< i < j < p. It may be seen that there is no loss of generality in assuming that i -----1. Then, by the same method used in the proof of Theorem 1, it follows that ~k = a~k, k -----0,...,p-1.
That is, the eigenvalues are invariant under the mapping k--~jk. From this fact, and from the relation ak~E
~s~O -ks 8~o
between the eigenvalues and the elements, a~, of the first row of A, it follows in turn that ak = aj~. Hence the members of the connection set, C = {k : ak = 1} are likewise left invariant by this mapping. But this 582/9/3-6 means that G possesses a non-trivial multiplicative automorphism, contradicting the hypothesis that G has only cyclic automorphisms. Thus the eigenvalues of A must be distinct.
Theorem 4 cannot be extended to arbitrary Cn, with n non-prime, because the example given previously in connection with Corollary 3, viz., n = 32, C = (1, 2, 6, 18, 22, 25}, has C3~ as its automorphism group, while it does not have distinct eigenvalues. (In order to verify that C32 is the automorphism group, one maps v 0 onto itself, and assumes, in turn, that v 1 --~ vl, v2, v6, vls, v2~, v2~ 9 The only automorphism consistent with these assumptions turns out to be the identity automorphism.)
Two points x, y of a graph are called similar if there exists an automorphism ~ of the graph with a(x) = y. A graph is called point-symmetric if all of its points are similar. Thus, graphs whose adjacency matrices are circulants are obviously point-symmetric since rotations map any point into any other point. An interesting comparison contrasting directed and undirected graphs is the following theorem of Moshowitz [6] .
THEOREM. Let G be an n-point graph whose adjacency matrix has distinct eigenvalues, and n > 2. Then there exist a pair of points of G which are not similar.
As a final remark, the number of directed graphs ofp vertices having C, as their automorphism group where p is a prime is equal to the number of equivalence classes of connection sets having no non-trivial multiplicative automorphisms. No convenient enumeration of this class of graphs has been found.
OPEN PROBLEMS
The theorems of this paper have given only a partial description of pairs of graphs with circulant adjacency matrices for which isomorphism is equivalent to having equivalent connection sets. PROBLEM 1. Fully characterize pairs of star-polygon graphs for which isomorphism is equivalent to having equivalent connection sets.
As discussed in Section 4, a star-polygon graph has Cn or D~ as a subgroup of its automorphism group. However, the automorphism group can be larger than these groups. PROBLEM 2. Give a procedure for determining the full automorphism group of a star polygon graph.
